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Abstract Solving Saint-Venant equations by the finite element method needs long CPU time (even for
a short time). Moreover, if the channel length is fairly large, the system resulted by discretization is
not directly solvable, and one should use iterative methods. Therefore, total error is error resulted by
discretization and by solving the system by iterativemethods. In this paper, we apply three adaptive finite
element methods for solving Saint-Venant equations to obtain, first, a better approximated solution and,
second, a significant decrease in CPU time and computational complexity. In the first method, a coarse
grid is considered and, by partitioning a few intervals, the problem is solved on this new coarse grid. In the
second method, the problem is solved for the first few moments and, then, using the regression method,
the solution is obtained in the following time. In the third method, like the second method, the problem
is solved for the first few moments and, then, the approximated solution is predicted for following times.
Finally, two numerical examples for supercritical and subcritical flows are given to support our results.
© 2012 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license.1. Introduction
Unsteady flow is of great interest to hydraulic engineers.
Such flows can be described by Saint-Venant equations, which
consist of the conservation of mass and momentum equations.
Saint-Venant equations also are nonlinear hyperbolic partial
differential equations. However, a general closed-form solu-
tion of these equations is not available, except for certain spe-
cial simplified conditions, and they must be solved using an
appropriate numerical technique [1]. In typical hydraulic text-
books (e.g. [2,3]) these equations are derived from incompress-
ible Navier–Stokes equations. Over the past few years, a wide
range of numerical schemes from finite difference [4,5], finite
element [6,7] and finite volume [8] methods have been applied
to open channel flow equations. In [9,10], the adaptive simula-
tions of the motion of water in an open channel are given. Also,
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mation of fluid–structure interaction, based on an Eulerian vari-
ational formulation.
In this paper, we consider the initial-boundary value Saint-
Venant problem for unsteady, one-dimensional flow in an open
channel, having no lateral inflow or outflow, as follows;
∂Q
∂t
+ ∂
∂x

Q 2
A

+ gA∂h
∂x
+ gn
2|Q |Q
R4/3A
= 0,
∂h
∂t
+ 1
B
∂Q
∂x
= 0,
Q (x, 0) = Q 0 0 ≤ x < L,
h(x, 0) = h0 0 ≤ x ≤ L,
Q (L, t) = 0 t ≥ 0,
h(0, t) = h0 t > 0,
(1)
where the first and second equations are momentum and
continuity equations, respectively, and:
x= distance along channel length,
t = time,
A= flow area,
B= top water surface width,
g = acceleration due to gravity,
Q = discharge,
h=water surface elevation,
R= hydraulic radius,
n=Manning coefficient,
L= length of channel.
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A and R are the functions of h (i.e. A = A(h), R = R(h)).
We first discretize the Saint-Venant equations by the finite
elementmethod and then present three adaptive finite element
methods. In Section 2, the finite element discretization of Saint-
Venant equations is given. In Section 3, three adaptive finite
element methods are given to decrease error and CPU time.
Two numerical results are given in Section 4 to support our
theoretical discussion. Finally, in Section 5, the conclusion and
some comments for future work are presented.
2. Discretization of Saint-Venant equations
In this section, we explain the process of linearization, and
determine the shape functions of the finite element method for
Saint-Venant equations.
2.1. Linearity
In order to present the variational form of Saint-Venant
equations, we focus our attention on discretization, with
respect to the time variable. Thus, we choose a positive integer,
N . Let1t denote the corresponding time-step,1t = T/N , and
tn, the subdivisions of [0, T ]:
tn = n1t, 0 ≤ n ≤ N.
For linearity, we consider the terms of Saint-Venant equations
as follows:
∂Q (x, tn)
∂t
+ ∂
∂x

Q 2(x, tn+1)
A(x, tn)

+ gA(x, tn) ∂h(x, tn+1)
∂x
+ gn
2|Q (x, tn)|Q (x, tn+1)
R4/3(x, tn)A(x, tn)
= 0,
∂h(x, tn)
∂t
+ 1
B
∂Q (x, tn+1)
∂x
= 0.
(2)
Now, by Taylor expansion we get:
(a)
∂Q (x, tn)
∂t
∼= Q (x, tn+1)− Q (x, tn)
1t
,
(b)
∂h(x, tn)
∂t
∼= h(x, tn+1)− h(x, tn)
1t
.
(3)
Moreover:
Q 2(x, tn+1) ∼= Q 2(x, tn)+1t ∂Q
2(x, tn)
∂t
∼= Q 2(x, tn)+ 21tQ (x, tn) ∂Q (x, tn)
∂t
. (4)
Then, by substituting (3a) in Eq. (4), we have:
Q 2(x, tn+1) ∼= −Q 2(x, tn)+ 2Q (x, tn)Q (x, tn+1). (5)
Substituting Eqs. (3) and (5) into Eqs. (2) and simplifying, we
can write the discrete form of Eqs. (1) as follows:
1
1t
Q (x, tn+1)+ ∂
∂x

2Q (x, tn)Q (x, tn+1)
A(x, tn)

+ gA(x, tn) ∂h(x, tn+1)
∂x
+ gn
2|Q (x, tn)|Q (x, tn+1)
R4/3(x, tn)A(x, tn)
= 1
1t
Q (x, tn)+ ∂
∂x

Q 2(x, tn)
A(x, tn)

,
1
1t
h(x, tn+1)+ 1B
∂Q (x, tn+1)
∂x
= 1
1t
h(x, tn),
Q (x, 0) = Q 0, 0 ≤ x < L,
h(x, 0) = h0, 0 ≤ x ≤ L,
Q (L, tn) = 0, n = 0, . . . ,N,
h(0, tn) = h0, n = 1, . . . ,N.
(6)Figure 1: Schematic representation of basis functions on Ω related to the
discharge, Q .
2.2. Variational weak form and shape functions
In this subsection, we present the finite element approxima-
tion to Problem (6). We define:
V = {Q (x, tk) ∈ H1(Ω) : Q (L, tk) = 0, k = 0, 1, . . . ,N},
and:
H = {h(x, tk) ∈ H1(Ω) : h(0, tk) = h0, k = 1, 2, . . . ,N}.
The variational form of Problem (6) is to findQ (x, tn+1) ∈ V and
h(x, tn+1) ∈ H , such that:
d(h, v)+m(Q , v)+ b(Q , v) = (α, v)0 ∀v ∈ H,
s(h, e)+ w(Q , e) = (β, e)0 ∀e ∈ V . (7)
In which Ω = [0, L], (, ., )0 is an inner product in the L2(Ω)
space, and the bilinear forms ofV×H are given, respectively, by:
m(Q , v) =

Ω

1
1t
+ gn
2|Q (x, tn)|
R4/3(x, tn)A(x, tn)

Q (x, tn+1)vdx,
b(Q , v) = −2

Ω
Q (x, tn)
A(x, tn)
Q (x, tn+1)v′dx
+ 2Q (x, tn)Q (x, tn+1)
A(x, tn)
v|∂Ω ,
d(h, v) = −g

Ω
h(x, tn+1)(A(x, tn)v)′dx
+ gA(x, tn)h(x, tn+1)v|∂Ω ,
s(h, e) = 1
1t

Ω
h(x, tn+1)edx,
w(Q , e) = −1
B

Ω
Q (x, tn+1)e′dx+ 1BQ (x, tn+1)e|∂Ω ,
(α, v) =

Ω
αvdx,
where ∂Ω is the boundary ofΩ , and v|∂Ω is the restriction of v
on ∂Ω .
For approximated discrete mixed formulation of Eqs. (7), we
choose a positive integer, M . Let 1x denote the corresponding
displacement-step,1x = LM , and xi the subdivisions of [0, L]:
xi = i1x, 0 ≤ i ≤ M.
Now, let:
Va = span{ϕi}M−1i=0 ⊂ V ,
and:
Ha = span{ψj}Mj=1 ⊂ H,
where the shape functions, ϕi and ψj, are piecewise linear
polynomial functions on nodes x0, . . . , xM−1, and x1, . . . , xM ,
respectively (Figures 1 and 2). We consider the variational
problem to find (Qa(x, tn+1), ha(x, tn+1)) ∈ Va × Ha, such that:
d(ha, va)+m(Qa, va)+ b(Qa, va) = (α, va)0 ∀va ∈ Ha,
s(ha, ea)+ w(Qa, ea) = (β, ea)0 ∀ea ∈ Va. (8)
A. Tavakoli, F. Zarmehi / Scientia Iranica, Transactions B: Mechanical Engineering 18 (2011) 1321–1326 1323Figure 2: Schematic representation of basis functions onΩ related to thewater
surface elevation, h.
Remark 1. Since the value of h is nonzero in the beginning of
the channel (i.e. the constant h0), we can consider:
ha(x, tn+1) = h0ψ0 +
M
j=1
βjψj,
where βj, j = 1, . . . ,M are unknown scaler parameters and
ψ0 is a piecewise linear polynomial function on node x = 0.We
note that this one additional shape function does not change the
dimension of stiffness matrix.
Remark 2. In [12], Granatowicz and Szymkiewicz have used
the average of the nonlinear terms in space to eliminate
oscillations. Here, we use an almost different way, namely, the
average of h(x, tn) and Q (x, tn) in space for time t = tn+1. In
other words, if h(x, tn) =Mj=1 βjψj andQ (x, tn) =M−1i=0 αiϕi,
then, for time t = tn+1, we replace:
h(x, tn) =
M−1
j=1
(βj + βj+1)
2
ψj + βMψM ,
and:
Q (x, tn) =
M−2
i=0
(αi + αi+1)
2
ϕi + αM−1ϕM−1.
3. Adaptive schemes
In order for the solution of Saint-Venant equations, obtained
by the standard finite element (SFE) method, to be stable,
we need to consider a very fine mesh (i.e. 1x must be very
small), the solving of which takes a long time [13]. In addition,
if the channel length is fairly large, the system resulted by
discretization is not directly solvable, and one should use the
iterative methods. Therefore, total error is the sum of errors
resulted by discretization and the numerical solution of the
system. We present three adaptive methods, which preserve
the stability of the solution and solve such difficulties.
Before presenting these adaptive methods, we give the
following definition.
Definition 1. The interval inside which the solution is not
constant is called the variable interval.
3.1. Comparison Adaptive Finite Element (CAFE)
In general, for solving Saint-Venant equations by SFE, there is
no need for equally partitioning the displacement step. In fact, it
is enough to apply partition refinement to the variable intervals.
For this purpose, we start with two coarse grids, find some
variable intervals that require partition refinement and solve
the problemwith this new coarse grid. This process is continued
for the following times. Now, we detail this method as follows.
Let N1 and N2 be two coarse grids with equal length steps,
1x and 1x/2, respectively. We should first find the variableinterval. To this end, let xi and xi+1 be two node points of the
grid,N2. We consider the interval [xi, xi+1] as a variable interval,
if:
(h1(xi)− h2(xi))2 + (h1(xi+1)− h2(xi+1))2
>
max{h1(xi), h1(xi+1)}
1xi
, (9)
is satisfied,where h1(xi) and h1(xi+1) are the elevation values on
nodes xi and xi+1 of grid N1, respectively. The elevation values,
h2(xi) and h2(xi+1), are defined similarly for grid N2. Now, we
refine the variable intervals (e.g. with the length step 1x/4) of
grid N2. Hence, a new grid N3 is produced. We call the grids N2
and N3, as the new grids, N1 and N2, respectively. In the next
step, we verify Relation (9) for the new grids, N1 and N2, to find
the variable intervals of N2. This process is continued until the
variable intervals exist no longer.
Remark 3. Relation (9) shows that selection of the variable
interval depends on the elevation h1(xi) (or h1(xi+1)) and 1xi.
In other words, the differences in elevations for the two grids,
N1 and N2, in node points xi and xi+1 should be big enough, such
that the interval [xi , xi+1] remains a variable interval.
The following algorithm describes the method:
CAFE Algorithm
1. For t = 1, . . . ,
% t denotes the time.
2.1x1 := 1x,1x2 = 1x2 ;
3. Solve the problem on the coarse grid,
N1 , with displacement,1x1;
4. Solve the problem on the coarse grid,
N2 , with displacement,1x2;
Finding the variable intervals and generating the new grid
5. For i = 1, . . . , n
% i shows the number of nodal bases.
6. If Relation (9) holds
7. refine the interval [xi , xi+1] in N2;
8. End if
9. End for
%. Thus, the new coarse grid, N3 , with
displacement step1x3 is generated.
10. If there are no variable intervals,
11. Go to Step 1;
12. else
13. N1 := N2,1x1 := 1x2;
14. N2 := N3,1x2 := 1x3;
15. End if
16. Solve the problem on the coarse grid,
N2 , with displacement,1x2;
17. Go to Step 5;
18. End for
3.2. Regression Adaptive Finite Element (RAFE)
In the CAFE method, for solving the problem in each time
step, one should perform the calculations in several steps. This
is a drawback that increases CPU time when obtaining the
solution. Here, we use the regression method, which decreases
CPU time significantly. Now, we detail this method as follows.
Let xji denote nodal basis xi at time t = tj, and hji the elevation
value in xji. We first determine the solution for the first few
moments, t = tj, j = 1, 2, . . . , n, on a fine grid. Then, we
find the variable intervals for all those times. Let the variable
intervals be as [xji−k, xji+k] or [xji−k, xji+k+1] for some k ∈ N .
Now, we fit the points (tj, x
j
i−k, h
j
i−k) and (tj, x
j
i+k, h
j
i+k) or
(tj, x
j
i−k, h
j
i−k) and (tj, x
j
i+k+1, h
j
i+k+1) for j = 1, 2, . . . , n by the
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t
x
Figure 3: Representation of nodal points in the variable intervals and their fit
by the linear regression method.
linear regression method (Figure 3). Let (tn+1, x∗, h∗) be a point
on this line. Now, we consider a coarse grid and find an interval,
such that point (tn+1, x∗, h∗) lies on it. We refine this interval
and solve the problem on this new coarse grid for t = tn+1.
The following algorithm describes the method:
RAFE Algorithm
1. For t = 1, . . . ,
% t denotes the time.
2. Solve the problem on a fine grid with displacement1x;
3. Find the intervals that |h(xi+1)− h(xi)| > α
for some 0 < α ∈ R (variable interval);
4. End for
5. Fit the points (tj, x
j
i−k, h
j
i−k) and
(tj, x
j
i+k, h
j
i+k) or (tj, x
j
i−k, h
j
i−k) and
(tj, x
j
i+k+1, h
j
i+k+1) for any tj by a linear
regression method;
6. Find the point (tn+1, x∗, h∗) on the regression line;
7. Consider a coarse grid, with displacement 21x;
8. Refine the interval on which point (tn+1, x∗, h∗) lies;
9. Solve the problem with this new coarse grid for tn+1 .
In the above algorithm, α is a very small real number that
depends on the problem.
3.3. Heuristic Adaptive Finite Element (HAFE)
In this case, the problem is solved for the first few moments
(depending on the problem) on a fine grid and then the
approximated solution is predicted for next time steps. In order
to do this,we first solve the problemon a fine grid for t = tj, j =
1, 2, . . . , n. Next, we consider the following four sets:
S1 =

(tj, hk) : hk is the minimum
elevation in the nodal points at time tj

,
S2 =

(tj, hk) : hk is the maximum
elevation in the nodal points at time tj

,
S3 =

(tj, xi) : hk is the minimum
elevation in the nodal points at time tj

,
S4 =

(tj, xi) : hk is the maximum
elevation in the nodal points at time tj

.
Next, we look for relations between the points in each of the
above sets. In general, these relations depend on the problem.
For instance, one can obtain these relations with the regression
method, extrapolation, or heuristic methods (see Section 4). By
these relations, one can find the variable interval points for the
next times and, so, find the behavior of the solution for the next
times.
4. Numerical experiments
We solve Saint-Venant equations for a rectangular channel
with subcritical and supercritical flows. Both examples areFigure 4: Flow depth in the rectangular channel at time t = 0.33 s.
coded by MATLAB software. Since:
Ω

gn2|Q (x, tn)|
R4/3(x, tn)A(x, tn)

Q (x, tn+1)vdx
was not computable by MATLAB, and even numerical methods,
like Simpson’s integration rule, leads to some complex values,
we have used the following simplification:
1
A(x, tn)
= h
hA(x, tn)
= h
1− (1− hA(x, tn))
≈ h
2
i=0
(1− hA(x, tn))i,
where 0 < h < 2/A, and A is greater than the maximum value
of the flow area.
Example 1 (Subcritical Flow). The task of estimating the
movement of a surge (or shock) or a dam-break wave,
resulting from the sudden up-stream opening (or the sudden
downstream closure) of a sluice gate for emergencies or dam
failure, has occupied the attention of researchers, as well as
practicing engineers, for several decades. The determination of
surge height at different locations along the channel provides
important information for the design of the bank height.
Dreadful disasters due to dam-break flood waves remind
decision-makers to pay more attention to the dam-safety
problem.We consider an open channel with a rectangular cross
section whose bottom width is 6.1 m. The bottom slope is
0.00008, the Manning coefficient n = 0.013, and the length of
the channel is 20 m. The initial conditions in the channel are
5.79 m-depth and a steady discharge of 126 m3/s. Therefore,
since the Froude number is Fr = Q 0
A0
√
gh0
= 0.47 < 1, there
exists a subcritical flow at t = 0. The water surface level in the
reservoir is constant at the up-stream end and also the sluice
gate at the downstream end of the channel is suddenly closed at
time t = 0. Figure 4 shows the flowdepth in the channel at time
t = 0.33 s by SFE, CAFE and RAFE methods. As we observe, the
standard finite element and adaptive finite element methods
are in good agreement. In addition, we have given the CPU time
and the number of partitions (N) for each threemethods at time
t = 0.33 s (Table 1).
The coarsest grid in the CAFÉ is given by 1x = 2. Then, we
only refine the variable intervals. Also, the oscillatory criterion
in the RAFE algorithm is taken as α = 0.5. In Table 2, the
rates of CPU time are given for CAFE and RAFE methods, with
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Figure 6: The sets, S3 and S4 .
Table 1: CPU times and the number of
partitions at t = 0.33 s.
Method CPU (s) N
SFE 605.35 100
CAFE 470.65 36
RAFE 390.5 35
Table 2: Rate of CPU time of adaptivemethods compared to the SFEmethod
for Example 1.
Rate Time
t2 t3 t4 t5 t6
CAFE/SFE 1.17 1.01 0.94 0.90 0.88
RAFE/SFE 0.93 0.95 0.96 0.96 0.90
Rate t7 t8 t9 t10
CAFE/SFE 0.87 0.85 0.84 0.83
RAFE/SFE 0.82 0.77 0.73 0.69
respect to the SFE method for t2, . . . , t10. It is shown that CPU
times decrease after t4. For instance, up to time t6, CPU time in
the CAFE method is 0.88 times SFE. In order to apply the HAFE
method, this example is first solved by SFE for t = tj, j =
1, 2, . . . , 30 on a fine grid, with1x = 0.25. The sets, S1, S2, S3,
and S4, are shown in Figures 5 and 6.
As is seen, there exists a regular relation between the points
after the first few moments. Figure 7 shows the flow depth in
this channel up to 0.66 s. Also, we note that, in this problem, the
extrapolation methods are not suitable for S1 and S2. Figures 8
and 9 show that extrapolation methods do not give good
solutions for following times.Figure 7: Flow depth in the channel by HAFE.
Figure 8: Extrapolation for hmin.
Figure 9: Extrapolation for hmax.
Example 2 (Supercritical Flow).We consider an open rectangu-
lar channel, having a bottomwidth of 6.1 m and carrying a flow
of 126 m3/s. We take the bottom slope as S0 := 0.04, the Man-
ning coefficient as n := 0.013, the channel length as L = 20 m
and the flow depth as h0 = 3.2 m. Since the Froude number is
Fr = Q 0
A0
√
gh0
= 1.15 > 1, there exists a supercritical flow at
t = 0. There is a constant level reservoir at the up-stream end
of the channel. A sluice gate at the downstream end is suddenly
closed at time t = 0. Figure 10 shows the flow depth in the
channel at this time by SFE, CAFE and RAFE methods.
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Figure 11: Flow depth in the channel at time t = 0.7 s by HAFE.
Table 3: CPU times and the number of
partitions at t = 0.25 s.
Method CPU (s) N
SFE 239.98 90
CAFE 170.45 32
RAFE 155.9 34
Table 4: Rate of CPU time of adap-
tive methods compared to the SFE
method for Example 2.
Time
Rate t2 t3 t4 t5
CAFE/SFE 0.94 0.84 0.80 0.76
RAFE/SFE 0.95 0.94 0.81 0.70
We have given the CPU time and the number of partitions
for each three methods at time t = 0.25 s (Table 3).
In the RAFE method, we consider α = 0.25. In Table 4, the
rates of CPU time are given for CAFE and RAFE methods, with
respect to SFE, for t2, . . . , t5.
As shown, the CPU times are decreased after t2. Also, in
Figure 11, we predicted the flow depth up to t = 0.7 s by the
HAFE method.5. Conclusion
In this paper, Saint-Venant equations are discretized by
the finite element method, such that non-favorite oscillations
(without using artificial viscosity) are eliminated. Since solving
Saint-Venant equations by FEM takes a long time and, in
addition, if the channel length is fairly large, the system resulted
by discretization is not directly solvable, we have proposed
three adaptive finite element methods (CAFE, RAFE and HAFE)
that decrease CPU time and improve the approximated solution.
In the CAFE method, a coarse grid is first considered and then
only the variable intervals are refined. Then, the problem is
solved by this new coarse grid. This process can be done for all
following moments. In the second method; RAFE, the problem
is first solved on a fine grid for the first fewmoments, and then,
using the (line) regression method, the solution is obtained for
the next time. Finally, in the third method, similar to the RAFE
method, the solution is first derived on a fine grid for the first
fewmoments, and then the approximated solution is predicted
for the following times. For future work, these adaptive
methods can be extended to two or three dimensional cases.
Also, one can change the rectangular channel to other channels.
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